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An old conjecture of Stanley’s is confirmed, namely that the lattice of bounded 
column strict plane partitions of fixed shape is Sperner. The proof uses a previous 
general sl(2) method of this author combined with an explicit construction of gl(n) 
modules due to I. M. Gelfand and M. L. Zetlin. Also given is a short proof of the 
known fact that under certain conditions the quotient of a Peck poset by a group 
action is Peck. ,el 1990 Academic Press, Inc. 
1. INTR~DUCTI~N 
Consult Section 2 for definitions as needed. A ranked poset is said to be 
Sperner if it has no antichains which are larger in size than the largest rank. 
Fix a shape 2 and a positive integer n. Let L(E,, n) be the distributive lattice 
consisting of all column strict plane partitions of shape 1- with parts no 
larger than n. In 1978 Richard Stanley conjectured that L(;1, n) was 
strongly Sperner. Here we confirm this conjecture by combining a 1950 
construction of Gelfand and Zetlin with an sl(2) method which was 
developed in 1979 as part of our doctoral thesis. 
A ranked poset is said to be Peck if it is rank symmetric, rank unimodal, 
and strongly Sperner. The main result of [Prl], one direction of which is 
the method mentioned above, relates the combinatorial structure of a Peck 
poset to the representation theory of sl(2) as follows: A ranked poset is 
Peck if and only if it carries a representation of sl(2). In this paper we will 
include another result in the sl(2) theory of Peck posets which was 
observed after [Prl] was written. This is a quick proof of the previously 
known result that under the right conditions a quotient of a Peck poset by 
a finite group action is Peck. 
Closely related sl(2) methods have also recently been used [Pr5] to 
evaluate determinants of binomial and multinomial coefficients of the kind 
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which often arise when enumerating plane partitions. At the end of this 
paper we have appended a note which describes our version of a new linear 
algebra approach to Peck posets which is primarily due to Stanley. This 
method is closely related to (and more general than) the sl(2) method used 
here. The paper [Gri] by Griggs is a survey of the Sperner property. 
This paper is a sequel to [Prl 1. The Amer. Math. Monthly article [Pr2] 
was an expository version of [Prl 1. Although this paper can be read 
without referring to these earlier papers, readers who are unfamiliar with 
representations of Lie algebras and who desire a high degree of under- 
standing should read these earlier papers first. 
2. DEFINITIONS AND BACKGROUND 
A ranked poser P of length r is a partially ordered set P together with a 
partition P = UiEO Pi into Y + 1 non-empty ranks Pi, 0 < i < r, such that 
elements in Pi cover only elements in Pip 1. A ranked poset P is strongly 
Sperner if for every k > 1 no union of k antichains contains more elements 
than the union of the k largest ranks of P does. A ranked poset is rank 
symmetric if /Pi 1 = 1 P, _, 1 for 0 < i < r/2. It is rank unimodal if 
lPol6 lP,I d “. < lPkl3 lPk+,l 3 “. b lP,l 
for some O<k<r. 
A partition % is a sequence of numbers 1, b & 2 . . . > A, > 0. The shape 
(or Ferrers diagram) i is a left-justified diagram with Ai boxes in the ith 
row. A column-strict plane partition T of shape E. with parts bounded by 
n is an array of positive integers T,G n satisfying T, B Ti, j+ 1 and 
Tg > Ti+ 1.j’ Fix ,4 and n. The set of all such plane partitions L(R, n) 
becomes a distributive lattice if the plane partitions are ordered by “entry- 
wise” comparison: S < T if S, < T,, for all (i, i) in the shape 2. 
Associate to any ranked poset P = Ut= 0 Pi a graded complex vector 
space p = @ :=0 Pi, where Pi is the complex vector space freely generated 
by vectors d corresponding to elements of Pi. A linear operator X on p is 
a lowering operator if XFiC Pi- I. It is a raising operator if Xpi s pi,, . 
A raising operator defined by 
Xii = C &a, b) 6” 
is an order raising operator if @(a, 6) # 0 implies b covers a. For any ranked 
poset P of length r, define a linear operator H on P by 
HrS=(2i-r)Zi 
when aE P,. 
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The Lie algebra sl(2) = sl(2, C) consists of all 2 x 2 trace zero complex 
matrices with Lie algebra multiplication given by [u, u] = uu - uu. The 
basis usually taken for sl(2) is [Hum, p. 3 11: 
x=(; ;), y=(; ;), h=i:, -;). 
The relations [Ix, y] = h, [h, x] = 2x and [h, y] = -2~ completely describe 
the algebra structure of sl(2). A representation of sl(2) on a complex vector 
space V is a choice of three linear operators X, Y, and H on V such that 
XY- YX=H, HX-XH=2X, and HY- YH= -2Y. A ranked poset P 
carries a representation of sl(2) if there exist a lowering operator Y and an 
order raising operator X on P such that XY- YX= H. 
Let G be a subgroup of the group of automorphisms of a ranked poset 
P. Then the quotient poset P/G is a ranked poset which can be defined on 
the set of orbits in P under G by: aG < bG if there are some g, h E G such 
that ag < bh in P. An sl(2) represeentation carried by P is said to commute 
with the action of G if OX = XC and g Y = Ya for all cr in G. 
The following lemma was the main result of [Prl]. It can be thought 
of as an sl(2) version of the linear algebraic Lemma 1.1 of [St1 1, which 
encoded the combinatorial structure of the poset into linear transforma- 
tions. (In turn, that result of Stanley used a result of Griggs, an improved 
proof of which was given in [GSS].) In this paper we will need only the 
“if” direction. 
EQUIVALENCE LEMMA. A ranked poset is Peck if and only if it carries a 
representation of sl(2). 
In the proof of this lemma, the fact that X is part of an sl(2) representa- 
tion on P is used to show that Lk = X’+ 2kl pk is a non-singular linear trans- 
formation from P, to i?,- k. Then Stanley’s lemma can be applied. In 
[Pr5] we find the eigenvalues and the determinants for the Lefschetz 
transformations L, of Peck posets which carry sl(2) representations in a 
“self-dual” fashion. In particular, this is done for products of chains and for 
Lb, m h 
3. RESULTS 
Here is the main result of this paper. The proofs of Theorems 1 and 2 
will be presented in Section 4. 
THEOREM 1. The distributive lattices L(& n) are Peck. 
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In [Stl], Stanley showed that all Bruhat posets arising from Weyl 
groups are Peck. He did this by using the algebraic geometric hard 
Lefschetz theorem to show that order raising operators for the Bruhat 
posets satisfied his Lemma 1.1. Shortly thereafter we were able to 
reproduce Stanley’s results for the most combinatorially interesting Bruhat 
posets. This was done [Prl ] by combining the equivalence lemma above 
with the “principal three-dimensional subalgebra” construction (explained 
later) applied to “minuscule representations” of simple Lie algebras (a con- 
cept not needed in this paper). Here Theorem 1 will be proved by applying 
the same construction to an arbitrary irreducible polynomial representa- 
tion of gl(n). 
The rank generating function for L(i, n) is given by Theorem 15.3 of 
[St2]. From this it is easy to see that L(& n) is rank symmetric. An old 
representation theoretic result of Dynkin (whose proof can actually be 
thought of as a coarse version of our proof of Theorem 1) implies that 
L(A, n) is rank unimodal [St4]. The best known family of Bruhat posets 
which were shown to be Peck in [Stl] are the distributive lattices L(n, m), 
which are defined as follows: Take the set of all Ferrers diagrams contained 
in an n x m rectangle, and order them by inclusion. Clearly L(n, m) is just 
L(i, n + l), if we take 1 to be the one rowed shape with m squares. Hence 
Theorem 1 is the generalization of Stanley’s L(n, m) result from one-rowed 
to arbitrary shapes. These considerations and some small examples were 
undoubtedly Stanley’s motivations for making his conjecture. 
With the L(n, m) prototype in mind, we now single out the most interest- 
ing cases of Theorem 1. Ferrers diagrams contained in an n x m rectangle 
are just order ideals in the poset which is the product of an n element 
chain with an nr element chain. Define L(n, m, p) to be the lattice of order 
ideals in the product of three chains of lengths m, )I, and p, viz. the poset 
of three-dimensional Ferrers diagrams contained in a rectangular 
parallelepiped. It is easy to see that L( n, m, p) is just L( II, n + p), if we take 
,J to be the partition with p parts equal to m. 
COROLLARY. The distributive lattices L(n, m, p) are Peck. 
It is interesting to note (as does Stanley in [St4]) that the L(A, n) are 
not in general self-dual as posets. It seems that all other families of Peck 
posets which have been studied are self-dual. A rank symmetric rank 
unimodal poset is said to be a symmetric chain order if it can be expressed 
as a disjoint union of maximal chains, each one of which intersects the 
ranks in a symmetric fashion. This property easily implies the strong 
Sperner property, but is probably much, much harder to prove for a given 
poset. At present it is known to hold only for L(n, m) when m d 4. (See 
Section 5 of [Pr2] for references.) The problem considered in this paper 
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was actually originally stated in this strength in [St4], i.e., for symmetric 
chain orders. (But as a problem, not as a conjecture.) During the earliest 
stages of this work of Stanley, it was not clear how strong a combinatorial 
result could be extracted from the linear algebra information. While it is 
conceivable that some entirely new insights could yield symmetric chain 
decompositions from somewhat related methods, it soon became clear in 
the late seventies that linear algebra on the order of Lemma 1.1 of [Stl] 
would only yield Peckness. (See the third to last paragraph of [St1 ] 
concerning an erroneous claim of D. E. Littlewood.) With this increased 
understanding of the situation, Stanley weakened the hypothesis to 
Peckness but upgraded his optimism to a “conjecture” sometime in 1978. 
This version of the problem never appeared in print, but was probably 
known to most of the people in touch with Stanley who were working on 
the Sperner property at that time. We do not know of any symmetric chain 
order investigations of general L(I, n). The much weaker problem of 
proving the rank unimodality of L(n, m) combinatorially has only recently 
been solved by O’Hara [O’H]. 
The equivalence lemma and its applications in [Prl ] and above in 
Theorem 1 form a small body of theory wherein representations of sl(2) 
can be used to give short slick proofs of some results involving the Peck 
property. (However, in practice, application of the lemma to particular 
structures requires a good deal of luck or work.) Now we will use the 
opportunity provided by this paper to mention another quick application 
of this sl(2) theory of Peck posets. This application, which concerns 
quotients of Peck posets, parallels earlier developments concerning 
products of Peck posets: Originally Canlield and Proctor-Saks-Sturtevant 
had been able to show (using Lemma 1.1 of [St1 1) that the product of two 
Peck posets is Peck. In [Prl] we were able to reprove this in a few lines 
using both directions of the sl(2) equivalence lemma. 
Pouzet and Rosenberg [P-R], Harper [Har], and Stanley [St31 have 
previously obtained closely related versions of the next theorem with 
closely related techniques. Again we reprove the result in just a few lines; 
this time we use only the “if” direction of the lemma. However, it should 
be noted that Harper’s version is more general since it does not require 
rank symmetry. Stanley’s version is superficially more special since it 
requires the raising operator X to have all coefficients e(a, b) = 1, but his 
proof works with our hypothesis. The Pouzet and Rosenberg version is 
stated only for P= B, (the Boolean algebra of subsets of { 1,2, . . . . n}) and 
a raising operator X with all &a, b) = 1. 
THEOREM 2. Suppose a Peck poset P carries an sl(2) representation 
which commutes with the action of a group G of automorphisms. Then the 
quotient poser P/G is Peck. 
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In order to illustrate this theorem we now give yet another proof of the 
archetypal result of the subject. 
COROLLARY. The lattice L(n, m) is Peck. 
Proof A chain with m + 1 elements is Peck and hence carries an s](2) 
representation. The basis can obviously be changed so that the coefficients 
of X are all 1. Consider the product of this chain with itself n times. The 
induced s](2) action of X on the corresponding tensor product of vector 
spaces, which is also called X, is: X[a @ . . . @ c] = (Xa) @ . . . @ c + . . . + 
a@ ... @(Xc). Note that the coefficients of the induced X are also all 1. So 
the group G = S, (which permutes the factors of the product) commutes 
with X. It is easy to see that the orbits of S, are indexed by weakly 
decreasing n-tuples of non-negative integers bounded by m, viz. L(n, m). 
The ordering is correct. Apply Theorem 2. 1 
The following side comment is addressed to readers who have some 
familiarity with classical invariant theory. The (m + l)-dimensional 
representation of s](2) with which we started the proof above is the mth 
symmetric power of the defining representation v of s](2). Hence the ~42) 
representation for all of L(n, m) is S”[S”v], which is essentially the vector 
space in which invariants of degree n of binary quantics of order m live 
[Cay]. In fact it is not hard to see that L(n, m) (p. 257) together with an 
equivalent s](2) action (p. 253) is the structure at the heart of that 1856 
paper by Cayley. This was one of the earlier papers in classical invariant 
theory. The choice of the letters X and Y is still the same 132 years later. 
4. PROOFS 
Let g](n) be the Lie algebra consisting of all n x n complex matrices. It 
is well known that column strict plane partitions of shape A and bounded 
by n index a basis for the 1th irreducible representation of g](n). (These 
plane partitions are equivalent to semistandard Young tableaux.) Given 
such a plane partition T, define n partitions I’ as follows: Let 1’ be the 
shape of the region in T if squares occupied by entries &i. If necessary, 
append O’s to 2’ so that it has n - i + 1 parts. Arrange the parts of these 
partitions in a triangular pattern with the ith partition forming the ith row. 
For example, if n = 3: 
A SPERNER CONJECTURE OF STANLEY 231 
The first row of the pattern is the shape of T. It is not hard to see [Pr3] 
that the row and column conditions on Tare equivalent to the numbers in 
the pattern decreasing within each row and satisfying the “betweenness 
condition”: Aj >, Aj+ i > 2: + 1. Such triangular patterns are called Gelfand 
patterns because Gelfand and Zetlin used them [G-Z] to index a basis for 
an explicit construction of the irreducible gl(n) representation with highest 
weight 2”. 
For i= 1 to n - 1, let Xi be the n x n matrix with a 1 in the (i, i + 1) 
position, and O’s elsewhere. Similarly define Yi with a subdiagonal 1. Set 
X = X, + X, + . . + X,, ~ , , and similarly define Y. Then X and Y generate 
a “principal three-dimensional subalgebra” (principal TDS) of gl(n). This 
subalgebra is isomorphic to sl(2), and we will refer to it as sl(2). 
Now fix 1* and n. Let P be the set of all Gelfand patterns with n rows and 
with first row 1. Let P be the corresponding complex vector space which 
has a basis consisting of (or indexed by) these patterns. Gelfand and Zetlin 
specified an action of gl(n) on P as follows. (We will refer to the image of 
Xi in End(p) under this action as Xi also.) When Xi acts on a pattern, it 
produces a linear combination of patterns consisting of all legitimate 
patterns which can be obtained from the original pattern by increasing any 
one of the entries in the ith row by 1. The coefficients are somewhat 
messy and do not concern us here. The action of Yi is the analogous 
decrementing procedure, again with certain coefficients. 
Proof of Theorem 1. The set P of all Gelfand patterns with n rows and 
with first row 2 becomes a poset when the patterns are ordered by entry- 
wise comparison. There is a unique minimal element of P; let N be the sum 
of its entries. Note that P is ranked: The rank of an element is found by 
summing up its entries and subtracting N. Consider the action of X on P, 
which will also be called X. Clearly X is an order raising operator, and Y 
is a lowering operator. The action defined by Gelfand and Zetlin is a Lie 
algebra representation, so the images X and Y define an action of sl(2) on 
8. In their paper it is obvious that the pattern basis vectors are weight 
vectors for the gl(n) action. Since X and Y are part of a principal TDS of 
gl(n), we know (see, e.g., Section 10 of [Pr4]) that the weight vectors of 
the gl(n) representation will be weight vectors with respect to the 
H’ = XY - YX element of the sl(2) action. Start acting with X on the mini- 
mal element of P and go up with repeated actions. Since HX- XH = 21 
(identity on 8), this shows that the H’ eigenvalue of a pattern is +2 more 
than the H’ eigenvalue of any pattern in the rank of P immediately below. 
Therefore the combinatorial (i.e., H on P defined in Section 2) and 
representation (i.e., H’) gradings agree up to an additive constant. But the 
sl(2) eigenvalues of H’ are symmetric about 0. Hence H’ = H as required. 
Apply the equivalence lemma to conclude that P is Peck. 
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It remains to be shown that P r L(& n). In either poset a covering rela- 
tion occurs when exactly one entry is incremented by 1, if this is possible. 
Increase just the 1”: entry of a pattern by 1. This enlarges the region of 
entries 3i in the corresponding plane partition by one square. The change 
in that square must be from an i - 1 to an i, since any other change would 
require changing more than one row in the pattern. No other entries in the 
plane partition change. 1 
Proof of Theorem 2. Form a subspace of p which is isomorphic to Pz 
by taking the vector corresponding to an orbit of G to be the sum of the 
6 for elements h in the orbit. Clearly the restriction of X to this subspace 
is an order raising operator for P/G. Since the actions of X and Y commute 
with the action of G, it is clear that P/G carries a representation of sl(2). 
Apply the equivalence lemma. 1 
5. ADDED NOTE 
Recently, while developing [Ml, Richard Stanley was kind enough to 
share Theorem 2.6 and Lemma 2.8 of that paper with us in advance. Using 
these tools, it is not difficult to prove Proposition 1 below. This result, 
which is a version of Proposition 2.10 of [St51 stated in the most general 
possible setting, gives yet another approach to proving Peckness with 
linear algebra. We say that a ranked poset P carries an X, Y representation 
if there exist a lowering operator Y and an order raising operator X on P 
such that XY - YX= G for some operator G which “acts diagonally on the 
ranks”; i.e., there exist r + 1 complex numbers gi such that if u E pi then 
(XY- YX) u = Gv =gju. With such numbers g, fixed, define g[ij] = 
gi+gi+l+ “’ +g,. And let N(G) = ([i,j]: g[i,j] = O}. It will be necessary 
to ignore certain elements of N(G): Define N(G, P) = N(G) - ( [i,j]: 
If’-lI=If’l or IPl=lPj+~l}~F or some fixed integer (half-integer) k, the 
set N(G, P) is said to be symmetric about k if it is empty or if every interval 
in N(G, P) is of the form [k-q, k + q] for some integer (half-integer) q. 
A ranked poset P is said to have Property T if whenever IPi I < [P,(, there 
exist IPi1 disjoint saturated chains in P from the elements in Pi to some of 
the elements in P,. (This implies rank unimodality for P.) 
PROPOSITION 1. Suppose P carries an X, Y representation. Zf there exists 
some k such that N(G, P) is symmetric about k, then P is Peck. This condi- 
tion on N(G, P) is as weak as possible: Zf P carries an X, Y representation 
and has Property T “with respect to” X (as in [St 1 ] or [ Prl I), then it is 
necessarily true that P is rank symmetric and N( G, P) = { [r/2 - q, r/2 + q], 
O<q<r/2). 
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The converse of Proposition 1 is also true: If a poset P is Peck, then by 
the Equivalence Lemma it carries an sl(2) representation, which is an X, Y 
representation with N(G, P) as required. An easy example application of 
Proposition 1 for which the application of the Equivalence Lemma would 
be harder appears in Corollary 2.11 of [St5]: the lattice L,(q) of subspaces 
of an n-dimensional vector space over the finite field with q elements. 
However, by inspection of the proofs of the Equivalence Lemma and of 
Proposition 1, it is not hard to note: 
PROPOSITION 2. Suppose that P carries an X, Y representation and there 
exists some k such that N(G, P) is symmetric about k. Then P carries a 
representation of sl(2) with the same order raising operator X. 
So in principle Proposition 1 gains us no new cases which could not 
have been handled by the Equivalence Lemma. Of course, in practice 
examples such as the one mentioned above might be overlooked due to the 
difficulty of finding a lowering operator Y satisfying XY- YX= H instead 
of XY- YX= G. While the techniques used in proving Theorem 2.6, 
Lemma 2.8, and Proposition 2.10 of [St51 may seem more appealing 
because sl(2) is not involved, it should be noted that they are still very 
closely related to sl(2) methods. In particular, in 1878 while working with 
a 19th century sl(2) representation, Sylvester considered [Syl] the operator 
x”Y”. This operator is the subject of Stanley’s Lemma 2.8; Sylvester’s goal 
(non-singularity for X: P, --t P, + , ) is very closely related to that of Stanley’s 
Proposition 2.10. 
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